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a b s t r a c t
We present a general class of cell population models that can be used to track the
proliferation of cells which have been labeled with a fluorescent dye. The mathematical
models employ fluorescence intensity as a structure variable to describe the evolution
in time of the population density of proliferating cells. While cell division is a major
component of changes in cellular fluorescence intensity, models developed here also
address overall label degradation.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In [1], a model for tracking labeled proliferating cell populations was effectively used to describe carboxyfluorescein
succinimidyl ester (CFSE) labeled lymphocyte cells during proliferation. The model used is given by
∂n(t, y)
∂t
+ ∂[−cn(t, y)]
∂y
= −(α(t, y+ ct)+ β(t, y+ ct))n(t, y)
+χ[ymin,ymax−log γ ](y)2γα(t, y+ ct + log γ )n(t, y+ log γ ) (1)
where y denotes the ‘‘true’’ (Fluorescence-Activated Cell Sorter (FACS) recorded) CFSE fluorescence intensity (FI) (in units
of the log intensity, log UI) of a cell and n(t, y) is the label structured population density (cells/UI) of cells with FI y at time
t . Here v(y) = −c < 0 is the rate of CFSE label loss (due to degradation), and α(t, y + ct) and β(t, y + ct) are the cell
proliferation and death rates, respectively, relative to the moving label coordinate system y + ct . Daughter cells arrive at
label intensities in the range y ∈ [ymin, ymax − log γ ] and t > 0. Because cells naturally lose FI over time [2] even in the
absence of division (due at least in part to catabolic activity [3]), the term v(y) = −c represents this natural label loss rate
(UI/hr) andhence the FI structure coordinate itself is changing in time. The parameter γ is a label dilution factor, representing
the ratio of FI of a mother cell to FI of a daughter cell. Division is coupled with immediate rapid growth of the new daughter
cells. The observed or estimated value of γ reflects underlying dynamics (involving mechanisms regulating the growth and
division) which occur on a faster time scale and have effectively been integrated over in time in this model.
This model in [1] is an extension of a model first proposed by Bocharov et al., in [4–6]. Eq. (1) was first heuristically
derived in [1] where the emphasis was on using the model with inverse problemmethodology to fit experimental data. The
purpose of this note is to give a careful and rigorous derivation of a general class of models for proliferation of labeled cells
which includes (1) as a special case.
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2. The mathematical model
First, we consider models with a total structure label that remains constant in time. Thus in these models there is no
label loss. A careful, detailed derivation is given in the Appendix of [1]; the equations are derived there with basic mass
balance arguments treating the structure variable as a mass-like quantity. The specific model for the dynamics of life and
death processes of a population of cells labeled with CFSE is proposed in [5] as a variation of the Bell–Anderson [7] or
Sinko–Streifer [8] (with cell division) population models. The solutions of these models may be directly compared to time
snapshots of flow cytometry histograms,which usually depict cells ofmultiple generations. That is, themodels aim to predict
the number of cells at a given fluorescence intensity and time, under specified dynamics. Let x denote the CFSE FI (in units
of intensity, UI) of a cell and let n(t, x) be the label structured population density (cells/UI) of cells with FI x at time t . Then
for a given label intensity x, the population density is governed by a rate equation involving birth/death and cell division.
This can be written as
dn
dt
(t, x) = −(α(x)+ β(x))n(t, x)+ χ[xmin,xmax/γ ](x)2γα(γ x)n(t, γ x), (2)
where α(x) is the cell proliferation rate, β(x) is the cell death rate, the daughter cells arrive with intensity x for x ∈
[xmin, xmax/γ ] and t > 0. The parameter γ is the label dilution factor, representing the ratio of FI of a mother cell to FI
of a daughter cell. Division is coupled with immediate rapid growth of the new daughter cells. The observed or estimated
value of γ reflects underlying dynamics (involving mechanisms regulating the growth and division) which occur on a faster
time scale and have effectively been integrated over in time. As we have noted, a rigorous derivation of this model following
mass conservation principles as in the Sinko–Streifer [8] or Bell–Anderson [7] models is presented in the Appendix of [1].
Since the FACS data set is typically recorded in terms of log intensity, we make the change of variables z ≡ log10 x.
We use n˜, etc., to denote transformed functions, so n˜(t, z) = n(t, 10z) = n(t, x). The birth and death functions are simply
α˜(z) = α(10z) = α(x) and β˜(z) = β(10z), respectively. Their arguments z range over [zmin, zmax]where zmin = log10(xmin),
and zmax = log10(xmax). Observe that log10(xmax/γ ) = log10(xmax) − log10 γ = zmax − log10 γ , while log10(γ x) = log10
γ + log10 x = z + log10 γ .
Making the transformation with the new variables as defined, for a fixed z we then obtain the ordinary differential
equation model
dn˜
dt
(t, z) = −(α˜(z)+ β˜(z))n˜(t, z)+ χ[zmin ,zmax−log10γ ](z)2γ α˜(z + log10 γ )n˜(t, z + log10 γ ). (3)
The above equations are adequate in the situation for which total label FI remains constant during the tracking. For many
labels, including CFSE, it is known that the label is degraded over time until FI is no longer discernible from background
autofluorescence. (Additional noise in the data is typical for such experiments and is the result of any number of processes,
from counting errors to variations in cell shape and size to the functioning of the machine itself [5,2].) In particular, it
is accepted [9,3,10,11] that CFSE FI is lost over time due to catabolic activity within the cell. There may also be label
degradation due to photobleaching. Indeed this raises the question of exactly what the reported data set represents (label
mass, label concentration, etc.) This is difficult to ascertain with any degree of certainty. To better understand and facilitate
our subsequent discussions on the parameter γ , we briefly digress to review some salient points on typical data sets and
the collection processes used in obtaining them.
As we have already noted above, CFSE histogram data for a population of dividing cells are typically reported in terms of
a quantity which is understood to be a ‘‘log of fluorescence intensity’’ (log FI), measured in unspecified ‘‘units of intensity’’
(UI). However, the data represent an experimentalmeasurement procedure [2] which consists of several complex processes,
all of which contribute to an uncertainty as regards the exact underlying quantity being measured and the process of
label degradation. Using hydrodynamic forcing, single cells are pushed through an aperture and into a beam of laser light.
Electrons in the CFSE compound absorb some of this light and then emit light of a different wavelength as the electrons
jump to an excited state and then fall back to the ground state. This emitted light passes through one or more bandpass
filters en route to a detector, which converts the light into a voltage signal. The voltage signal then undergoes an analog-to-
digital conversion to produce the data as displayed in the histogram.While the numerous steps of themeasurement process
are all necessary and are not problematic in themselves, it is unclear at present how some of these steps directly relate to a
conserved quantity (e.g. mass) within the cell population. For instance, it is not immediately knownwhether the intensity of
the absorbed and/or emitted light is proportional to either the mass of CFSE within a cell or to its concentration. Moreover,
the mechanisms (cell catabolic activity, photobleaching, etc.) and their relative importance in label degradation are not
completely agreed upon. But we do see significant label degradation in longitudinal data sets observed over sufficiently long
periods of time. And data are reported relative to this changing label intensity. The additional steps in the measurement
process are sources of uncertainty which can ideally be quantified in the form of a statistical model, but at the moment
only further obscure the underlying quantity of measurement and its degradation. We recall that the ratio γ is the ratio
FImother/FIdaughter as discussed in [1,4,5]. If the measurement is essentially equivalent to one of mass, if all cells divided
identically and if the measurement were taken instantaneously upon cell division, then one would expect γ = 2 (and
γ < 2would imply creation of label) to provide a best fit to the data. On the other hand, if the measurements are essentially
of concentrations, one would expect γ = 1. The result of [1], where γ = 1.575 gives a best fit, is a clear indication that the
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current models average over the cell division and measurement processes. Thus it is likely that more details on the cellular
division andmeasurement processes, as well as some uncertainty across the cell populationwith respect to these processes,
should be introduced in further extensions/refinements of these models if one wishes to obtain a description in terms of
more biologically relevant parameters in place of the clearly phenomenological parameter γ .
As explained in [1] and above, it is of interest to introduce a natural label loss velocity v to account for the changing label
intensity. That is, the reported intensity coordinate system is actually changing in time (i.e., amoving coordinate systemwith
velocity v). We therefore introduce a change of coordinates involving this velocity to decouple the degradation process from
the cell division/proliferation/death processes. Moreover, since the data set is recorded relative to this changing structure
variable, it is useful to view the proliferation and death rates relative to this new coordinate system.
While not common in the biological sciences, it is altogether common in the physical sciences and engineering to consider
velocities (i.e., rates of change) relative to different coordinate or reference frames. For example, in themechanics andmotion
of continua (elasticity and fluids) and deformable bodies [12–16], it is common to encounter velocities relative to a fixed
coordinate system (in a Lagrangian formulation) or relative to amoving coordinate system (in an Eulerian formulation). One
description for motion is given in terms of the material or fixed referential coordinates, and is called a material description
or the Lagrangian description. In this formulation, an observer standing in the fixed referential frame observes the changes
in the position and physical properties as the material body moves in space as time progresses. This formulation focuses on
individual particles as theymove through space and time. The other description for motion is made in terms of the spatial or
current coordinates, called a spatial description or Eulerian description. The coordinate system is relative to a moving point
in the body and hence is amoving coordinate system. An intuitive comparison of these two descriptions would be that in the
Eulerian description one places the coordinate or reference system for motion of an object on the object as it moves through
a moving fluid (e.g., on a boat in a river) while in the Lagrangian description one observes and describes the motion of the
object from a fixed vantage point (e.g., motion of the boat from a fixed point on a bridge over the river or on the side of the
river).
Motivated by the above discussions, we introduce a formal (implicit) change of variables y = z + vt where v < 0 is
label degradation velocity. Because we really don’t understand completely the degradation process (there appears to be
little agreement as to what variables this velocity might depend) and to allow for generality (other labels that might be used
may well degrade in different ways due to different mechanisms), we allow this velocity to depend on time as well as the
‘‘true’’ current label intensity y. Thus the change of variables is actually y = z + v(t, y)t . We tacitly assume that this can
be inverted to solve for y = µ(t, z) explicitly in F (t, z, y) = y − v(t, y)t − z = 0. Global implicit function theorems [17]
provide conditions
(
including ∂F
∂y = 1− ∂v∂y t 6= 0
)
for this to hold. Observe that this condition holds trivially for v constant
(as in [1]) or only time dependent. Using this change of variables in (3), we obtain a generalization of Eq. (1). To see this,
under the necessary assumptions, we can solve y− v(t, y)t − z = 0 for y = µ(t, z), soµ(t, z)− v(t, µ(t, z))t − z = 0 and
hence
∂µ
∂t
(t, z) =
[
1− ∂v
∂y
(t, y)t
]−1 [
v(t, y)+ ∂v
∂t
(t, y)t
]
.
Defining nˆ(t, y) = nˆ(t, µ(t, z)) = n˜(t, z) and observing that
dn˜(t, z)
dt
= ∂ nˆ
∂t
(t, y)+ ∂ nˆ
∂y
(t, y)
∂µ
∂t
(t, z),
we may use Eq. (3) to find
∂ nˆ(t, y)
∂t
+
[
1− ∂v
∂y
(t, y)t
]−1 [
v(t, y)+ ∂v
∂t
(t, y)t
]
∂ nˆ(t, y)
∂y
= −(α˜(y− v(t, y)t)+ β˜(y− v(t, y)t))nˆ(t, y)
+χ[ymin(t,γ ),ymax(t,γ )](y)2γ α˜(t, y− v(t, y)t + log γ )nˆ(t, y+ log γ ), (4)
where
ymin(t, γ ) ≡ min
z∈[zmin,zmax−log γ ]
y(t, z), ymax(t, γ ) ≡ max
z∈[zmin,zmax−log γ ]
y(t, z).
Thus the range [zmin, zmax − log γ ] for z transforms into a range of [ymin(t, γ ), ymax(t, γ )] for y and hence the χ term in (3)
transforms into that of (4).
We observe that this ‘‘Eulerian’’ formulation depends explicitly on the velocity v of the coordinate system. This can be
compared to equations (2.21) (the Eulerian formulation) and equations (2.24) (the Lagrangian formulation) in [12] where
the former also depends explicitly on the velocity of the coordinate system.
We observe that in the case where the velocity is constant (i.e., v = −c as in [1]), then Eq. (4) reduces to precisely
equation (14) of [1] or Eq. (1) above in the case where α, β are also assumed to depend explicitly on time t .
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